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Cauchy Problem for 1d Discrete Systems

1 equation, 1 unknown:
agw(t+d) +ag_iw(t+d—1)+---+aow(t) =v(t), teN

ag,...,ap €F (fleld), ag #0

N known),
v=(v(t)ten EF

solution w = (W(t))ten € FI¥ (unknown).

Computation of w:

ag—1

w(t+d)=— wit+d—-1) - — —w(t) + —v(t).

aq aq aq

» choose w(d —1),...,w(0) € F freely,

» compute w(t) recursively.



Computation of w — Alternative Method

agw(t+d)+ag_iw(t+d—-1)+---+agw(t) =v(t), teN.

fi=agsd+ag_1s4 1+ -+ ag € F[s].
Scalar multiplication

or Fls] x FN — Y (sow)(t) :==w(t+1) (left shift).
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Computation of w — Alternative Method

agw(t+d)+ag_iw(t+d—-1)+---+agw(t) =v(t), teN.
< fow =,

fi=agsd+ag_1s4 1+ -+ ag € Fls].
Scalar multiplication

or Fls] x FN — Y (sow)(t) :==w(t+1) (left shift).
w(0),..., w(d — 1) and v e FY given.

w(t) = (s ow)(0) = ((gf +1) o w)(0)
= (q (o Fow))(0) + (row)(0) = (qov)(0) + (row)(0)

=qnv(n) +---+ qov(0) +1q9_1w(d — 1) + - - - + 1oWw(0)
inhomg(geneity initiaK/aIues

Division with remainder: st = qf +r
, i a-1_
with g =33 o gis*, =25 158



Cauchy Problem for 1d Discrete Systems

k equations, 1 unknown:

fl oW =Vv;
— gad(fy, ..., fx) ow =",
fk OW = Vi
Wi Vi1
k equations, 1 unknowns: Ro < : > = ( : >
w1 Vi

with R € F[s]**! matrix of difference operators.
Solve Cauchy problem via Smith form or Hermite form.



Cauchy Problem for 1d Discrete Systems
k equations, 1 unknown:
frow=wv;
— gcd(fy,...,fx)ow ="
frow =vy

Wi Vi1
k equations, 1 unknowns: Ro < : > = ( : >

w1 Vi
with R € F[s]**! matrix of difference operators.
Solve Cauchy problem via Smith form or Hermite form.

Relevant algebraic objects:

Fls]fy + -+ + Fls]fx = Fls] ged(fy, ..., fi) € F[s] ideal.
FIsIRi_ + - - + F[s]Rx_ = F[s]***R < F[s]**! row module.



Multidimensional Systems

1d
operators D ieN aist
€ Fls]
tools ged, Smith form

division with remainder

solutions W = (W(t))eny € FY

nd

Grobner bases

division with remainder
(normal form)

w = (W(p))penn € F"

N™ ... positive orthant



Multidimensional Systems

1d nd
solutions W = (W(t))tey € FY w = (W(W))uenn € FY
operators Sy @ist 2penn st
€ F[s] € Flsg,..., snl = Fls]
tools ged, Smith form Grobner bases

(normal form)

solutions

division with remainder division with remainder



Example: Binomial Coefficients

p=(nX), wip = (),
F) =)+ () = fow=0with f =s15p —sp — L.

naive method
fe R[Sl, 82],
w e RV positive orthant.

Kk

mn
Initial values:
1d: {0,..., deg -1}
= N\ deg(FIs]f),

nd: N“\deg(F[sl ..... s)f).
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Example: Binomial Coefficients

p=(n,k),

(n+1)
K+1
naive method
f e Rlsy, so],
2 .
w e RN positive orthant.

win) = (),

Initial values:

1d: {0,..., deg -1}
= N\ deg(FIs]f),

nd: N“\deg(F[sl

(k+1)+(2)(:)fow:0with f=s5180 — s, — 1.

usually

Initial values: (8) = (“) =1,
neN.

AN @4»—»—»—&

T 1T T T T T n

we RN, N:=N(1,0) + N(1, 1),

| s1f = s3so+s1s2+51 € Rlsy, s3],



Finitely Generated Affine Monoids

N c Z1*™ is affine monoid <
»0eN,
» N closed under +.

Affine monoid N is finitely generated ;<=

30 e Z™™: N=N*mg=3" No; .
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Finitely Generated Affine Monoids

N c Z1*™ is affine monoid <
»0eN,
» N closed under +.

Affine monoid N is finitely generated ;<=
30 e Z™™: N=N*mg=3" No; .

Examples:




Monoid Algebras
Field F.

Solution space FN 3w = (W) pen--
Monoid algebra

FIN] := { Z puot; pu €F, only finitely many # O}
weN

with (ZueN pu0u> (ZueN quou) = Zu,veN puqvo-LH-V_

Scalar product (s* ow)(v) =w(v+pu), wveN, weFN,

Binomial coefficients:

N =N(1,0) + N(1,1) = N1*2(19) c 71*2 f g affine monoid.
Solution w € RN,

Operator s1f = s2s5 + 5152 + 51 € R(sq, s152] = R[N].



Goal

Grébner bases for submodules of FIN]1*1
Grobner bases for submodules of Flo]1*1.

in analogy to

In this talk: GB for ideals in F[N] «~» k equations, 1 unknown.



Grobner Bases
N = N'*™ F[N] = Flo] = Floy, ..., onl,
..term order on NI*™ je.
» total order,
» minNY>m =0,
» group order, ie., u < V= p+1n < v+ for u,v,ne N
Then:
» deg(p ) = max{p Pu # 0} where p =3} cuxn Puo™ € Flo],
» deg(a) = {deg(p); 0 # p € a} for a < Flo] ideal.
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1179 © ¢ deg(5)
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Grobner Bases
N = N*" F[N] = Flo] = Floy, ..., onl,
..term order on NI*™ je.
» total order,
» min N1X™ =0,
» group order, ie., u < V= p+1n < v+ for u,v,ne N
Then:
» deg(p ) = max{p Pu # 0} where p =3} cuxn Puo™ € Flo],
» deg(a) = {deg(p); 0 # p € a} for a < Flo] ideal.
Deflnltlon. G C Flo] Grébner basis of a :<= G generates a and

deg(a) = | ] (deg(g) + N**™).
g€$
Theorem: < term order on N1*™,

Flo] = P ™\dex(e) gy
P= Pnf + (P — Pnf)

Pnf - .. normal form of p, computed via Grébner bases.



Conic Decompositions
N c Z*™ __arbitrary f.g. affine monoid.
Problem: If N is not pointed, e.g., N=Z =N-1+N.(—1), then
there are no total group orders on N with 0 = minN.



Conic Decompositions
N c Z*™ __arbitrary f.g. affine monoid.

Problem: If N is not pointed, e.g., N=Z =N-1+N.(—1), then
there are no total group orders on N with 0 = minN.
Definition: Finite family (Nj)jeg is conic decomposition of N :<=
» V] ed: Nyis pointed f.g. submonoid of Z1*™,
» V] € J: ZNj =ZN, where ZN = N — N,




Generalised Term Orders
Definition: < is a generalised term order on N w.r.t. a conic
decomposition (Nj)jeg =
» total order,
» 0 =minN,
» V] €d Vue N Vv,ne Ny:

USvVv=p+ns<v+n.




Generalised Term Orders

Definition: < is a generalised term order on N w.r.t. a conic
decomposition (Nj)jeg 1=

» total order,

» 0 =minN,

» Ve d Vue N Vv,ne Nj:

pv=pu+n<v+n.

Then:

- deg(p) = max{p; Py # 0} where p = ¥, on puo* € FIN],
» deg(a) = {deg(p); 0 # p € a} for a S F[N] ideal.

» deg(psY) = deg(p) + v if 3] € J with deg(p), v e Nj.



Generalised Grobner Bases

N < Z*™ fg. affine monoid, F[N] < F[o, 1] monoid algebra,
(Nj)jeg conic decomposition of N, < generalised term order on N.

Definition: G < F[N] Grobner basis of ideal a € FIN] ;<=
G generates a and

deg(a) = U (deg(g) + Nj).

geg, Jed
deg(g)eN;

e

- ¢ deg(a)

“ane o € deg(a)
éfﬁéﬂ’}?

BRERE ®c deg(g)

0 0 0 0 0000006 06 0
>




Generalised Grobner Bases
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Definition: G < F[N] Grobner basis of ideal a € FIN] ;<=
G generates a and

deg(a) = U (deg(g) + Nj).

geg, Jed
deg(g)eNy
b
= ¢ deg(a)
::} e € deg(a)
@ii@ iiiiii ® € deg(9)




Generalised Grobner Bases

N < Z*™ fg. affine monoid, F[N] < F[o, 1] monoid algebra,
(Nj)jeg conic decomposition of N, < generalised term order on N.

Definition: G < F[N] Grobner basis of ideal a € FIN] ;<=
G generates a and

deg(a) = U (deg(g) + Nj).

g€eg, Jed
deg(g)eN;

Theorem: (Nj)jeg conic decomposition, < generalised term order
on NIxm,

FIN) = F(Mdee(@) g
P = Pnf + (P - pnf)

Pnf - - - normal form of p, computed via Grébner bases.



Cauchy Problem for nd Discrete Systems
Row =v, Re FINI®**Y,  ve (FN)*, ueN, w(p) =?



Cauchy Problem for nd Discrete Systems
Row =v, Re FINI®**Y,  ve (FN)*, ueN, w(p) =?
a:= F[N]1**R. Let P € F[N]*** such that

st =(s"), s+ PRE F(N\deg(“)) @ a.
Then:
w(p) = (s* ow)(0) = ((s")nf o W) (0) + (Po (Row))(0)

=v

= ((s")af ©W)(0) + (P o v)(0)

k
= > coeff w(v)+ ), > coeff vi(n)
veN\deg(a) i=1neN
initial values inhomogeneity

= N\ deg(a) ...initial value region.



Cauchy Problem for nd Discrete Systems
Row =v, Re FINI®**Y,  ve (FN)*, ueN, w(p) =?
a:= F[N]1**R. Let P € F[N]*** such that

st =(s"), s+ PRE F(N\deg(“)) @ a.

Then:
w(p) = (s* ow)(0) = ((s")ns o W) (0) + (Po (Row))(0)
= ((s")nf oW)(0) + (P ov)(0)
k

= Z coeff w(v) + Z Z coeff vi(n)

veN\deg(a) i=1neN
~ h -~ ~ h
initial values inhomogeneity

)

= N\ deg(a) ...initial value region.
Theorem: Assumption: Solution w exists. Then:

vx € FNVdeg(@) 3,90 ¢ FN: Row =v and WIN\ deg(a) = X-
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» F. Pauer and S. Zampieri. Grobner bases with respect to
generalized term orders and their application to the modelling
problem. J. Symb. Comput., 21(2):155-168, 1996.

» F. Pauer and A. Unterkircher. Grobner bases for ideals in
Laurent polynomial rings and their application to systems of
difference equations. Appl. Algebra Engrg. Comm. Comput.,
9(4):271-291, 1999.

Results:

» Grobner bases for modules over F[N] for arbitrary f.g. affine
monoids N,

» Algorithm for their computation (generalised Buchberger
algorithm).

Disadvantages:

» Algorithm works directly in F[N] vw» complete
re-implementation of Buchberger algorithm necessary.

» Existence of conic decompositions and generalised term orders
for arbitrary f.g. affine monoids N not shown.



New Algorithm — Idea

N =Nxmg, g ¢ Zm*m,
P: NP 5 N, 16,
surjective, i.e., parametrisation of N.
@: Fls] =Flsy, ..., sm] = FIN"™ — F[N],  sM+— o™,
algebra epimorphism, parametrisation of F[N].

Idea: Compute GB in F[s], transport result to F[N].

Necessary: Compatible data 8 € Z™*™, J < P(1,...,m), < term
order on N™ which induces a conic decomposition and a
generalised term order on N.



Construction of Generalised Term Orders
Given: 0/ € Z™' XM with N1*m'g’ — N.
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Construction of Generalised Term Orders
Given: 0’ € Z™'*™ with N1xm'g/ = N,
Define
» P:=conv(0;_,..., 0/.,_.0) < Q™ polytope,
» F:={F < P facet with 0 ¢ F},

» Np = Qs0F n N, where Q=¢F ...convex rational cone
generated by F.

Then: Nf f.g. submonoid, (Nf)reg conic decomposition of N.




Construction of Generalised Term Orders
Fe JF. Let fr: QN — Q be linear with fg(P) < 1 and f¢(F) = 1.

Define f: QN — Q, p+—— max{fp(p); Fe S"}.




Construction of Generalised Term Orders
Fe JF. Let fr: QN — Q be linear with fg(P) < 1 and f¢(F) = 1.

Define f: QN — Q, p+—— max{fp(p); Fe S’“}.

For u, v € N define
u<vie= f(u < f(v)
or (f(u) = f(v) and p <zixn V),

where <;1xn is a group order on Z>*m o N.

Theorem: < is a generalised term order w.r.t. the conic decompo-
sition (Ng)ges.



Construction of Compatible Data

Ng = Q=oF n N is f.g. submonoid.
Let OF € Z**™ with N = Z1**0F.

or,
6::< : >eZmX“, Fi e T,
oF,

]F = {i; ei, S NF},
d={ FeF}<P(1,..., m)

N L Q, i DM (6
For 11,V € N1X™ define
MV e (i) <f(¥)
or (F(m — F(%) and {16 <zn ve)
or (1?( ) = f(¥) and 1o =v0 and 1L <3 V)
where <z1.n is a group order on Z*N <, term order on N1x™,

Theorem: (0,7, <) are compatible data for N.



Summary
For f.g. submonoids N, we have

» a way to construct generalised term orders and compatible
data,

» a Grdbner basis theory,
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» an algorithm for solving the Cauchy problem.
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radicals and primary decompositions).
» Provide a library in SINGULAR.
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Thank you!



