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Introduction

Let G be a finite group; the order of G is denoted by |G|.

“Generally” known groups:

Sn, all permutations of {1,2, ..., n}, where |&,| = n!.

An, all “even” permutations, where |2,| = n!/2.

SLn(9g), all n x n-matrices with determinant 1 over a finite field [,
where [SLn(g)| = g" (9" — 1)(¢" - ¢°)--- (q" — " ?).

G # {1} is called simple, if {1} and G are the only normal subgroups of G.
In general, G is built up from simple groups.

® 2, is a normal subgroup of &, where &,/2(, = Z/2Z.

® 2, is simple for n > 5 (~ non-solvability of equations of degree 5).

e Z={ald,|aclqa" =1} isanormal subgroup of SL,(q) and
SLn(q)/Z is simple except for (n, q) € {(2,2),(2,3)}.
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but instead when faced with a problem about finite groups, to attempt to reduce
the problem or a related problem to a question about simple groups [...]

Note that this procedure works only if one knows enough about simple groups [...];
this is where the Classification comes in:

It supplies an explicit list of groups which can be studied in detail using the
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The classification

From M. ASCHBACHER, Notices of the AMS 51 (2004).

“It seems better not to look too closely at the general finite group,

but instead when faced with a problem about finite groups, to attempt to reduce
the problem or a related problem to a question about simple groups [...]

Note that this procedure works only if one knows enough about simple groups [...];
this is where the Classification comes in:

It supplies an explicit list of groups which can be studied in detail using the
effective description of the groups.”

e “Explicit list of groups” known since about 1980.

® 2nd generation proof: D. Gorenstein, R. Lyons, R. Solomon, Math. Survey
and Monographs, Amer. Math. Soc., 1994 —?? (currently 6 volumes).
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The Periodic Table Of Finite Simple Groups
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|| Alternating Groups

["] Classical Chevalley Groups
[_] Chevalley Groups

"] Classical Steinberg Groups
|| Steinberg Groups

|| Suzuki Groups

|| Ree Groups and Tits Group*
|| Sporadic Groups

] Cyclic Groups

*The Tits group 2F,(2)’ is not a group of Lie tgpe,
but is the (index 2) commutator subgroup of 2F,(2).
It is usually given honorary Lie type status.

The groups starting on the second row are the clas-
sical groups. The sporadic suzuki group is unrelated
to the families of Suzuki groups.

Copyright (© 2012 Ivan Andrus.

Alternates’

Symbol

Ordert

For sporadic groups and families, alternate names
in the upper left are other names by which they
may be known. For specific non-sporadic groups
these are used to indicate isomorphims. All such
isomorphisms appear on the table except the fam-
ily B, (2™) = C,(2™).

Finite simple groups are determined by their order
with the following exceptions:
B.(g) and C,(q) for q odd, n > 2;
Ag = A3(2) and A3 (4) of order 20160.
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Character table X(G) of G (Frobenius ~1896)
® Size r x r where r = number of conjugacy classes of G.

® Entries are algebraic integers.
As () (12)(34) (123) (12345) (13524)

x1 1 1 1 1 1
X2 3 —1 0 300+v5) 3(1-v5)
xs 3 -1 0 3(1-V5) 3(1+V5)
Xa 4 0 1 —1 —1
X5 5 1 —1 0 0

e (Contains subtle information about G in a compact form.
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Character table X(G) of G (Frobenius ~1896)

® Size r x r where r = number of conjugacy classes of G.

® Entries are algebraic integers.
As () (12)(34) (123) (12345) (13524)

x1 1 1 1 1 1
X2 3 —1 0 300+v5) 3(1-v5)
xs 3 1 0 301—v5) 3(1+v5)
xa 4 0 1 —1 —1
x5 5 1 —1 0 0

e (Contains subtle information about G in a compact form.

Example: class structure constants
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(x,y) € Cy x Co with xy € C3 can be computed from X(G).
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Example: class structure constants
Let Cy, Cy, C3 be conjugacy classes of G. Then the number of pairs
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Character table X(G) of G (Frobenius ~1896)
® Size r x r where r = number of conjugacy classes of G.

® Entries are algebraic integers.

As () (12)(34) (123) (12345) (13524)
1 1 1 1
= 0 (1+vB) $(1-V5)
—1 0 3(1-v5) ;(1+V5)
x4 0 1 —{ —1

X5 1 —1 0 0
e (Contains subtle information about G in a compact form.

X1
X2
X3

a A~ W w =

Example: class structure constants

Let Cy, Cy, C3 be conjugacy classes of G. Then the number of pairs

(x,y) € Cy x Co with xy € C3 can be computed from X(G).

Application: Existence of certain subgroups. There is U < G with U = s, if there
are x,y € Gwith o(x) =2, o(y) =3, o(xy) =5. (Then set U = (x,y).)
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Character table X(G) of G (Frobenius ~1896)
® Size r x r where r = number of conjugacy classes of G.

® Entries are algebraic integers.

As () (12)(34) (123) (12345) (13524)
1 1 1 1
= 0 (1+vB) $(1-V5)
—1 0 3(1-v5) ;(1+V5)
x4 0 1 —{ —1

X5 1 —1 0 0
e (Contains subtle information about G in a compact form.

X1
X2
X3

a A~ W w =

Example: class structure constants
Let Cy, Cy, C3 be conjugacy classes of G. Then the number of pairs
(x,y) € Cy x Co with xy € C3 can be computed from X(G).

Application: Existence of certain subgroups. There is U < G with U = s, if there
are x,y € Gwith o(x) =2, o(y) =3, o(xy) =5. (Thenset U = (x, y).)
Lusztig (2002): The simple group Eg(q) contains subgroups = s.
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The ATLAS contains X(G) for
— all sporadic simple G
incl. G = Monster with |M| ~ 10%4,
X(G) of size 194 x 194
— G=A,where5<n< 13
— Chevalley groups G = G(q) with small g
e.g., %G»(27), O5(2), O3 (3), Fa(2), %Es(2)

Also information about:

— various constructions of the groups

— maximal subgroups

— central extensions and automorphisms

All this electronically available in GAP !
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Finite groups of Lie type

Let p be a prime and k be an algebraic closure of Fy := Z/pZ.
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Finite groups of Lie type
Let p be a prime and k be an algebraic closure of Fy := Z/pZ.
k = Uf>1]1**‘pf where F, unique subfield with p’ elements.

Universitat Stuttgart

mathematik



Finite groups of Lie type
Let p be a prime and k be an algebraic closure of Fy := Z/pZ.

k = Uf>1]1**‘pf where F, unique subfield with p’ elements.
Given q = p, consider Frobenius map F: k — k, x+— x9.

Then Fgq = {x € k| F(x) = x}.
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k = Uf>1]1**‘pf where F, unique subfield with p’ elements.
Given q = p, consider Frobenius map F: k — k, x+— x9.
Then Fgq = {x € k| F(x) = x}.

Let G be a simple algebraic group over k.
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Finite groups of Lie type
Let p be a prime and k be an algebraic closure of Fy := Z/pZ.
k= Umef where [ unique subfield with p elements.
Given q = p, consider Frobenius map F: k — k, x+— x9.
Then Fgq = {x € k| F(x) = x}.
Let G be a simple algebraic group over k.

Fo-form of G = GF ={g € G| F(g) = g} where
! F: G — G “Frobenius morphism”.
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Finite groups of Lie type
Let p be a prime and k be an algebraic closure of Fy := Z/pZ.
k= Umef where [ unique subfield with p elements.
Given q = p, consider Frobenius map F: k — k, x+— x9.
Then Fgq = {x € k| F(x) = x}.
Let G be a simple algebraic group over k.

Fo-form of G = GF ={g € G| F(g) = g} where
! F: G — G “Frobenius morphism”.

As over C, there are “split”, “compact” and other forms.
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Finite groups of Lie type
Let p be a prime and k be an algebraic closure of Fy := Z/pZ.
k= Umef where [ unique subfield with p elements.
Given q = p, consider Frobenius map F: k — k, x+— x9.
Then Fgq = {x € k| F(x) = x}.
Let G be a simple algebraic group over k.

Fo-form of G = GF ={g € G| F(g) = g} where
! F: G — G “Frobenius morphism”.

As over C, there are “split”, “compact” and other forms.

G = SLy(k) :
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Finite groups of Lie type
Let p be a prime and k be an algebraic closure of Fy := Z/pZ.
k= Umef where [ unique subfield with p elements.
Given q = p, consider Frobenius map F: k — k, x+— x9.
Then Fgq = {x € k| F(x) = x}.
Let G be a simple algebraic group over k.

Fo-form of G = GF ={g € G| F(g) = g} where
! F: G — G “Frobenius morphism”.

As over C, there are “split”, “compact” and other forms.

_ _ F(ay) = (a]) w  GF =8SL,(Fg) (“split),
G = stallo { F'(ay) = ((ai)")_1 ~  GF =8Up(Fy)  (“compact’).
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Finite groups of Lie type
Let p be a prime and k be an algebraic closure of Fy := Z/pZ.
k= Umef where [ unique subfield with p elements.
Given q = p, consider Frobenius map F: k — k, x+— x9.
Then Fgq = {x € k| F(x) = x}.
Let G be a simple algebraic group over k.

Fo-form of G = GF ={g € G| F(g) = g} where
! F: G — G “Frobenius morphism”.

As over C, there are “split”, “compact” and other forms.

a _ F(aj) = (a]) w  GF =SL,(Fy) (“split’),
G =Sk { Fl(aj) = (&))" ~ GF =SUn(Fg) (‘compact).

Use methods from Lie theory and algebraic geometry ! J

Universitat Stuttgart

mathematik



Universitéat Stuttgart

mathemkapl'll(_ﬁ



“Séminaire Chevalley” (1956/58): The simple algebraic groups G are
classified par Dynkin diagrams, independently of q:

A, o—e—o - - . —o B, ex®o—e - - - —o

Ch e«e=» e - - - —o
Dy >0—F4
Es
G, e Fiy e—e=» o I

£ O—O—I—O—O—O Es HTHHH
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“Séminaire Chevalley” (1956/58): The simple algebraic groups G are
classified par Dynkin diagrams, independently of q:

A, o—e—o - - . —o B, ex®o—e - - - —o

~ the 16 infinite families of groups of Lie type in the “periodic table”:
An_1 < SLn(Q), 2An—1 < SUn(Q), Bn < SO02,11(9), ..., Eg(q)
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“Séminaire Chevalley” (1956/58): The simple algebraic groups G are
classified par Dynkin diagrams, independently of q:

A, o—e—o - - . —o B, ex®o—e - - - —o

~ the 16 infinite families of groups of Lie type in the “periodic table”:
An_1 < SLn(Q), 2An—1 < SUn(Q), Bn < SO02,11(9), ..., Eg(q)

Aim: uniform — “generic” — description of the tables X(GF). |
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Example: G = GL(q), any g.
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Example: G = GL,(q), any q.

a a a a
Class types: A1:<% Oa), Ag:(p1 Oa>, A3:<’% Ob) ) B1:<J 2q> :
P P P a#b 0o a#mult.(g+1)

(Here, p is a generator of F; and o is a generator of ]F;z.)
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Example: G = GL,(q), any q.

a a a a
Class types: A1:<% Oa), Ag:(p1 Oa>, A3:<’% Ob) ) B1:<C; 2q> :
P P P a#b g a#mult.(g+1)

(Here, p is a generator of F; and o is a generator of ]F;z.)

element | number of classes | number of elements in each class
A1 q-— 1 1
Total number of
Az q-—1 (@=1)q+1) conjugacy classes
As | 3@-1(q-2) a(q+1) S 1,
B 39(g—1) q(g 1)
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Example: G =

Class types: A

GL>(q), any q.

p? 0

1)

a

(

20
; a>,A3:<
1p

(Here, p is a generator of F; and o is a generator of ]F;z.)

a

p
0

Ob) ) B1 . (
P a#b

a

c? 0

0 0%

> a#mult.(g+1)

element | number of classes | number of elements in each class
Ar q-1 ! Total number of
Az q-—1 (@=1)q+1) conjugacy classes
As | 3@-1(q-2) a(q+1) S 1,
B; 39— 1) q(g—1)
“Generic charater table” of GL2(q) (R. Steinberg, 1951)
A As Az B,
(") n=1,2,...,9—1 Eaed e gath) g™ (971 =1)
xé”) n=1,2,...,q-1 ge" 0 gnatt) —e™ (' =1)
(m,n) m, n=1 ) 2: g = 1 (m+n)a (m+n)a ma+nb na+mb qg—1 __
Xq+1 m ;é n; (m’ n) = (n7 m) (q+1) € € +e 0 (E - 1)
() n=1,2,..., q2 -2 _q\sna(g+1) | _ sna(q+1) _(sna__snaq P-1 _
X pdmuit(ge1y | @18 5 0 (8"+5"9) (67" =1)
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Lusztig’s geometric character theory (~1975-today)

Deligne—Lusztig (1976):
Construct characters
using ¢-adic cohomology

| Lusztig (1984—today):
Comprehensive theory
“Perverse sheaves”

!

| Multiple applications:

character formulae,

canonical bases, ...
(see ICM talk 1990)
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Let CF(G’) be the vector space of all functions f: G — @, (¢ # p), which are
constant on the conjugacy classes of GF.
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Let CF(G’) be the vector space of all functions f: G — @, (¢ # p), which are
constant on the conjugacy classes of GF.

e Irr(GF) basis of irreducible characters (rows of X(GF)).
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Let CF(G’) be the vector space of all functions f: G — @, (¢ # p), which are
constant on the conjugacy classes of GF.

e Irr(GF) basis of irreducible characters (rows of X(GF)).
® |usztig’s book (1984):
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Let CF(G’) be the vector space of all functions f: G — @, (¢ # p), which are
constant on the conjugacy classes of GF.

e Irr(GF) basis of irreducible characters (rows of X(GF)).
® |usztig’s book (1984):

e Parametrisation of Irr(GF) by geometric and combinatorial data.
® Problem: Entries of X(G") not completely accessible in this way.
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Let CF(G’) be the vector space of all functions f: G — @, (¢ # p), which are
constant on the conjugacy classes of GF.

e Irr(GF) basis of irreducible characters (rows of X(GF)).

® |usztig’s book (1984):
e Parametrisation of Irr(GF) by geometric and combinatorial data.
® Problem: Entries of X(GF) not completely accessible in this way.

® |usztig (1985-): New basis of CF(GF) of F-stable “character sheaves” on G
(defined using ¢-adic intersection cohomology).
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Let CF(G’) be the vector space of all functions f: G — @, (¢ # p), which are
constant on the conjugacy classes of GF.

e Irr(GF) basis of irreducible characters (rows of X(GF)).
® |usztig’s book (1984):

e Parametrisation of Irr(GF) by geometric and combinatorial data.
® Problem: Entries of X(G") not completely accessible in this way.

® |usztig (1985-): New basis of CF(GF) of F-stable “character sheaves” on G
(defined using ¢-adic intersection cohomology).
® Values of the new basis can be explicitly computed (in principle .. .).
® Base change from Irr(GF) to the new basis “almost diagonal”

(explicit, conjectured description via so-called “Fourier matrices”).
® Conjecture proved in many cases, but ...
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Let CF(G’) be the vector space of all functions f: G — @, (¢ # p), which are
constant on the conjugacy classes of GF.

e Irr(GF) basis of irreducible characters (rows of X(GF)).
® |usztig’s book (1984):
e Parametrisation of Irr(GF) by geometric and combinatorial data.
® Problem: Entries of X(G") not completely accessible in this way.
® |usztig (1985-): New basis of CF(GF) of F-stable “character sheaves” on G
(defined using ¢-adic intersection cohomology).

® Values of the new basis can be explicitly computed (in principle .. .).

® Base change from Irr(GF) to the new basis “almost diagonal”
(explicit, conjectured description via so-called “Fourier matrices”).

® Conjecture proved in many cases, but ...

Aim: Bring this theory on the computer !
And use this to solve open conjectures on characters of finite groups. J
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Claim: GF = G(q) determined by three matrices A, A, Py and the number q, J
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Claim: GF = G(q) determined by three matrices A, A, Py and the number q,
where A, A, P, do not depend on g.
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Claim: GF = G(q) determined by three matrices A, A, Py and the number q,
where A, A, P, do not depend on g.

Step 1. Combinatorial skeleton of G: Weyl group W, root system ¢.
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Claim: GF = G(q) determined by three matrices A, A, Py and the number q,
where A, A, P, do not depend on g.

Step 1. Combinatorial skeleton of G: Weyl group W, root system ¢.
Start with a Dynkin diagram from the standard list
Ana Bn, Cna Dnv GZ) F47 E65 E77 E8'
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Claim: GF = G(q) determined by three matrices A, A, Py and the number q, J

where A, A, P, do not depend on g.

Step 1. Combinatorial skeleton of G: Weyl group W, root system ¢.

Start with a Dynkin diagram from the standard list

Ana Bn, Cna Dnv GZ) F47 EGa E77 E8'

Corresponding Cartan matrix C = (Cst)s tes- Examples:
2 0 1
G- 2 - R 0 2 -1
-3 2 -1 -1 2

0 0 -1
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Claim: GF = G(q) determined by three matrices A, A, Py and the number q,
where A, A, P, do not depend on g.

Step 1. Combinatorial skeleton of G: Weyl group W, root system ¢.
Start with a Dynkin diagram from the standard list
Ana Bn, Cna Dnv GZ) F47 EGa E77 E8'

Corresponding Cartan matrix C = (Cst)s tes- Examples:
2 0 -1 0
G- 2 - R 0 2 -1 0
-3 2 -1 -1 2 -

o 0 -1 2
Let V be a Q-vector space with basis {a; | t € S}.
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Claim: GF = G(q) determined by three matrices A, A, Py and the number q,
where A, A, P, do not depend on g.

Step 1. Combinatorial skeleton of G: Weyl group W, root system ¢.
Start with a Dynkin diagram from the standard list

An, Bn, Cn, Dpn, Go, Fy4, Eg, E7, Es.
Corresponding Cartan matrix C = (Cst)s tes- Examples:

2 0 -1 0

G < 2 —1)7 b, 0 2 -1 0

-3 2 -1 -1 2 -

o 0 -1 2
Let V be a Q-vector space with basis {a; | t € S}. For s € S define
ws: V— V, Qi — ap — CstQig (w2 =idy).
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Claim: GF = G(q) determined by three matrices A, A, Py and the number q,
where A, A, P, do not depend on g.

Step 1. Combinatorial skeleton of G: Weyl group W, root system ¢.
Start with a Dynkin diagram from the standard list

An, Bn, Cn, Dpn, Go, Fy4, Eg, E7, Es.
Corresponding Cartan matrix C = (Cst)s tes- Examples:

2 0o -1 0

G : 2 —1 7 D, - 0 2 —1 0
-3 2 -1 -1 2 -1

0 0 -1 2

Let V be a Q-vector space with basis {a; | t € S}. For s € S define
ws: V— V, Qi — ap — CstQig (w2 =idy).

® Weylgroup W = (ws | s S) C GL(V).

mathematik
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Claim: GF = G(q) determined by three matrices A, A, Py and the number q,
where A, A, P, do not depend on g.

Step 1. Combinatorial skeleton of G: Weyl group W, root system ¢.
Start with a Dynkin diagram from the standard list
Ana Bn, Cna Dnv GZ) F47 EGa E77 E8'

Corresponding Cartan matrix C = (Cst)s tes- Examples:
2 0 -1 0
G- 2 - R 0 2 -1 0
-3 2 -1 -1 2 -

o 0 -1 2
Let V be a Q-vector space with basis {a; | t € S}. For s € S define
ws: V— V, o+ ap — CstOls (w2 =idy).
® Weylgroup W = (ws | s S) C GL(V).
® Root system ¢ = {w(as) | w € W, s € S}.
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Step 2. Enhance (W, ¢) to a root datum.
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Step 2. Enhance (W, ¢) to a root datum.

Note: E.g., for type A,_1, there are the groups SL,(k), PGLn(k), GLA(k), . ... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.
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Step 2. Enhance (W, ®) to a root datum.

Note: E.g., for type A,_1, there are the groups SLn(k), PGLs(k), GLa(K), .... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.
A root datum is a quadruple (X, ®, Y, ®") such that:
e ...
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Step 2. Enhance (W, ®) to a root datum. ‘

Note: E.g., for type A,_1, there are the groups SL,(k), PGLn(k), GLA(k), . ... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.

Observation (F. Libeck ~ 1990’s).

To give a root datum of type C = (Cst)s tes iS the same as to specify a factorisation
C = A- A" where A and A are integer matrices with rows indexed by S and
columns indexed by another index set / with |/| > |S].
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Step 2. Enhance (W, ®) to a root datum. ‘

Note: E.g., for type A,_1, there are the groups SL,(k), PGLn(k), GLA(k), . ... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.

Observation (F. Libeck ~ 1990’s).

To give a root datum of type C = (Cst)s tes iS the same as to specify a factorisation
C = A- A" where A and A are integer matrices with rows indexed by S and
columns indexed by another index set / with |/| > |S].

e A—Id,A=C
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Step 2. Enhance (W, ®) to a root datum. ‘

Note: E.g., for type A,_1, there are the groups SL,(k), PGLn(k), GLA(k), . ... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.

Observation (F. Libeck ~ 1990’s).

To give a root datum of type C = (Cst)s tes iS the same as to specify a factorisation
C = A- A" where A and A are integer matrices with rows indexed by S and
columns indexed by another index set / with |/| > |S].

e A=Ild,A=C ~- G simple of adjoint type (e.g., PGL(k));
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Step 2. Enhance (W, ®) to a root datum. ‘

Note: E.g., for type A,_1, there are the groups SL,(k), PGLn(k), GLA(k), . ... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.

Observation (F. Libeck ~ 1990’s).

To give a root datum of type C = (Cst)s tes iS the same as to specify a factorisation
C = A- A" where A and A are integer matrices with rows indexed by S and
columns indexed by another index set / with |/| > |S].

e A=Ild,A=C ~- G simple of adjoint type (e.g., PGL(k));
e A=1Id A=C"

mathematik’ Universitat Stuttgart




Step 2. Enhance (W, ®) to a root datum. ‘

Note: E.g., for type A,_1, there are the groups SL,(k), PGLn(k), GLA(k), . ... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.

Observation (F. Libeck ~ 1990’s).

To give a root datum of type C = (Cst)s tes iS the same as to specify a factorisation
C = A- A" where A and A are integer matrices with rows indexed by S and
columns indexed by another index set / with |/| > |S].

e A=Ild,A=C ~- G simple of adjoint type (e.g., PGL(k));
e A=Ild,A=C" ~» G simple of simply-connected type (e.g., SLn(k)).
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Step 2. Enhance (W, ®) to a root datum. ‘

Note: E.g., for type A,_1, there are the groups SL,(k), PGLn(k), GLA(k), . ... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.

Observation (F. Libeck ~ 1990’s).

To give a root datum of type C = (Cst)s tes iS the same as to specify a factorisation
C = A- A" where A and A are integer matrices with rows indexed by S and
columns indexed by another index set / with |/| > |S].

e A=Ild,A=C ~- G simple of adjoint type (e.g., PGL(k));
e A=Ild,A=C" ~» G simple of simply-connected type (e.g., SLn(k)).
e A Asquare o |=|S] < G semisimple.
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Step 2. Enhance (W, ®) to a root datum. ‘

Note: E.g., for type A,_1, there are the groups SL,(k), PGLn(k), GLA(k), . ... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.

Observation (F. Libeck ~ 1990’s).

To give a root datum of type C = (Cst)s tes iS the same as to specify a factorisation
C = A- A" where A and A are integer matrices with rows indexed by S and
columns indexed by another index set / with |/| > |S].

e A=Ild,A=C ~- G simple of adjoint type (e.g., PGL(k));

e A=Ild,A=C" ~» G simple of simply-connected type (e.g., SLn(k)).
e A Asquare & =18 <  Gsemisimple.
® If G corresponds to C = A - A", the “Langlands dual group” G* has Cartan

type CV

mathematik’ Universitat Stuttgart




Step 2. Enhance (W, ®) to a root datum. ‘

Note: E.g., for type A,_1, there are the groups SL,(k), PGLn(k), GLA(k), . ... General theory

(Chevalley, Demazure, ...): G is determined by a “root datum”.

Observation (F. Libeck ~ 1990’s).

To give a root datum of type C = (Cst)s tes iS the same as to specify a factorisation
C = A- A" where A and A are integer matrices with rows indexed by S and
columns indexed by another index set / with |/| > |S].

e A=Ild,A=C ~- G simple of adjoint type (e.g., PGL(k));

e A=Ild,A=C" ~» G simple of simply-connected type (e.g., SLn(k)).
e A Asquare & =18 <  Gsemisimple.
® If G corresponds to C = A - A", the “Langlands dual group” G* has Cartan

type C'" and corresponds to C" = B - B" where B := A, B := A.
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Step 3. Adding data for Frobenius map F: G — G.

Universitat Stuttgart

mathematik



Step 3. Adding data for Frobenius map F: G — G.

e In terms of the factorisation C = A- A", this is described by a matrix
P € M)(Z) such that
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Step 3. Adding data for Frobenius map F: G — G.

e In terms of the factorisation C = A- A", this is described by a matrix
P € M)(Z) such that

® P = gP, where Py € GL/(Z) has finite order.
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Step 3. Adding data for Frobenius map F: G — G.

e In terms of the factorisation C = A - A", this is described by a matrix
P € M)(Z) such that
® P = gP, where Py € GL/(Z) has finite order.
e Matrix identity: P, A" = A"P° and P°A = AP,, where P° is a monomial matrix,
non-zero entries are powers of q.
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Step 3. Adding data for Frobenius map F: G — G.

e In terms of the factorisation C = A- A", this is described by a matrix
P € M)(Z) such that
® P = gP, where Py € GL/(Z) has finite order.
e Matrix identity: P, A" = A"P° and P°A = AP,, where P° is a monomial matrix,
non-zero entries are powers of q.
(P, Py encode the induced action of F on X and the roots $.)
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Step 3. Adding data for Frobenius map F: G — G.

e In terms of the factorisation C = A- A", this is described by a matrix
P € M)(Z) such that

® P = gP, where Py € GL/(Z) has finite order.
e Matrix identity: P, A" = A"P° and P°A = AP,, where P° is a monomial matrix,
non-zero entries are powers of q.
(P, Py encode the induced action of F on X and the roots ¢.)

CHEVIE project: M.Geck, G.Hiss, F.Luebeck, G.Malle, J.Michel, G.Pfeiffer
http://www.math.rwth-aachen.de/~CHEVIE/
Implemented in GAP3; now also made available for 64-bit machines by J.Michel:

http://webusers.imj-prg.fr/~jmichel/gap3
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(A,A P, C=A A"

(Po finite order, matrix identity)
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(A,A P, C=A A"

(Po finite order, matrix identity)

~  {G(q) | g prime power}

mathematik’ : Universitat Stuttgart

.........



(A,A P, C=A A"

(Po finite order, matrix identity)

~  {G(q) | g prime power}

e Type Ax: C = (_? _;>
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(A,A P, C=A A"

(Po finite order, matrix identity)

~  {G(q) | g prime power}

° TypeAz:C:(—‘?_D — A A" with A:A:<1—1 0

0 1_1> ~ G = GLg(Fp).
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(A,A P, C=A A"

(Po finite order, matrix identity)

~  {G(q) | g prime power}

21

hd TVpeAg:C:<_1 2) — A. A" with A:A:<1_1 0

0 1-1
® Py=1Id ~ {GLs(q) | g any prime power}.

) ~ G = GLg(Fp).
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(A,A P, C=A A"

(Po finite order, matrix identity)

~  {G(q) | g prime power}

21

hd TVpeAg:C:<_1 2> — A. A" with A:A:<1_1 0

0 1-1
® Py=1Id ~ {GLs(q) | g any prime power}.

0 0-1
® Py= ( 0—1 0) ~ {GUs(q) | g any prime power}.
-1 00

) ~ G = GLg(Fp).
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(A,A P, C=A A"

(Po finite order, matrix identity)

~  {G(q) | g prime power}

o Type A C — (_f —;> —A-A" with A= A= (8‘1 _?) — G = GLy(F,).
® Py=1Id ~ {GLs(q) | g any prime power}.
0 0-1
® Py= ( 0 -1 0) ~ {GUs(q) | g any prime power}.
-1 00

21
® Type C,: C= <72 2)
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(A,A P, C=A A"

(Po finite order, matrix identity)

~  {G(q) | g prime power}

o Type A C — (_f —;> —A-A" with A= A= (8‘1 _?) — G = GLy(F,).
® Py=1Id ~ {GLs(q) | g any prime power}.
0 0-1
® Py= ( 0 -1 0) ~ {GUs(q) | g any prime power}.
-1 00

® Type C;: C= (72_;) =A.- A" with A=C" A=1d ~ G = Sp,(Fp).
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(A,A P, C=A A"

(Po finite order, matrix identity)

~  {G(q) | g prime power}

o Type A C — (_f —;> —A-A" with A= A= (8‘1 _?) — G = GLy(F,).
® Py=1Id ~ {GLs(q) | g any prime power}.
0 0-1
® Py= ( 0 -1 0) ~ {GUs(q) | g any prime power}.
-1 00

® Type C;: C= (72_;) =A- A" with A=C" A=1Id ~ G = Sp,(Fy).

® F,=1Id ~ {Sp,(q) | g any prime power}.
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(A,A P, C=A A"

(Po finite order, matrix identity)

~  {G(q) | g prime power}

o Type A C — <_f —;> —A-A" with A= A= (8‘1 _?) — G = GLy(F,).
® Py=1Id ~ {GLs(q) | g any prime power}.
0 0-1
® Py= ( (1)—2) 8) ~ {GUs(q) | g any prime power}.

® Type C;: C= (j _;> =A- A" with A=C" A=1Id ~ G = Sp,(Fy).
® F,=1Id ~ {Sp,(q) | g any prime power}.
® \ery twisted example:

Po=(\%\/%_) ~  {suz(q) | q=v2""" . m>0}.
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Given C = A- A", Py, we can determine in a purely algorithmic way: J
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Given C = A- A", Py, we can determine in a purely algorithmic way: J

® W= (ws;|seS) — GL/(Z) androot system ¢ = {w(as) | s € S}.

q\¢\ 1 1
® Order formula: —— = -—
W ng det(qld; — w - Pp)

rime power
1G(q)] (@p p )

® The conjugacy classes of semisimple elements of G(q)
(parametrisation, root data of centralisers, etc.)

® The head of the “generic” character table of G(q).
(Semisimple “class types” + data base for unipotent classes.)

® The list of character degrees x(1), x € Irr(G(Qq)).
(Lusztig’s Jordan decomposition + data base for “unipotent” characters.)

~ http://www.math.rwth-aachen.de/~Frank.Luebeck/chev/
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Given C = A- A", Py, we can determine in a purely algorithmic way: J

W= (ws|seS) — GL/(Z) and root system & = {w(as) | s € S}.
q°! 1 1
® Order formula: —— =—
Gl W 2, dex(aid—w- Py

® The conjugacy classes of semisimple elements of G(q)

(g prime power)

(parametrisation, root data of centralisers, etc.)
® The head of the “generic” character table of G(q).
(Semisimple “class types” + data base for unipotent classes.)
® The list of character degrees x(1), x € Irr(G(Q)).
(Lusztig’s Jordan decomposition + data base for “unipotent” characters.)
~ http://www.math.rwth-aachen.de/~Frank.Luebeck/chev/

E.g., for Es(q), g = 1 mod 60, the generic character table has size 10061 x 9868;
largest entry in this table: sum of 696,729,600 roots of unity.
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Need data bases + flexible programming environment.
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Need data bases + flexible programming environment.

® CHEVIE’s data bases contain:

Standard list of Dynkin diagrams.
Character tables of W with “Lie—theoretic” labellings.
Character tables and matrix representations of Hecke algebras.

Lusztig’s degree polynomials and Fourier matrices for unipotent characters (also

printed in his 1984 book).
Unipotent classes of G and generalised Springer correspondence.

Latest addition: Kazhdan—Lusztig cell partitions for W of large exc. type,

including Es (G.—Halls, Math. Comp. 84, 2015).
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Need data bases + flexible programming environment.
e CHEVIE'’s data bases contain:
e Standard list of Dynkin diagrams.
® Character tables of W with “Lie—theoretic” labellings.
® Character tables and matrix representations of Hecke algebras.
® | usztig’s degree polynomials and Fourier matrices for unipotent characters (also
printed in his 1984 book).
Unipotent classes of G and generalised Springer correspondence.
® [atest addition: Kazhdan—Lusztig cell partitions for W of large exc. type,
including Es (G.—Halls, Math. Comp. 84, 2015).

® Everything else computed from above data by general programs.

® Combinatorics for classical types (partitions, symbols, .. .).
® Multiple possibilities for experimenting and testing.

y

Universitat Stuttgart

mathematik



Need data bases + flexible programming environment.
e CHEVIE'’s data bases contain:
e Standard list of Dynkin diagrams.
® Character tables of W with “Lie—theoretic” labellings.
® Character tables and matrix representations of Hecke algebras.
® | usztig’s degree polynomials and Fourier matrices for unipotent characters (also
printed in his 1984 book).
Unipotent classes of G and generalised Springer correspondence.
® [atest addition: Kazhdan—Lusztig cell partitions for W of large exc. type,
including Es (G.—Halls, Math. Comp. 84, 2015).

® Everything else computed from above data by general programs.

® Combinatorics for classical types (partitions, symbols, .. .).
® Multiple possibilities for experimenting and testing.

Errors in data bases or programs?
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Need data bases + flexible programming environment.
e CHEVIE'’s data bases contain:
e Standard list of Dynkin diagrams.
® Character tables of W with “Lie—theoretic” labellings.
® Character tables and matrix representations of Hecke algebras.
® | usztig’s degree polynomials and Fourier matrices for unipotent characters (also
printed in his 1984 book).
Unipotent classes of G and generalised Springer correspondence.
® [atest addition: Kazhdan—Lusztig cell partitions for W of large exc. type,
including Es (G.—Halls, Math. Comp. 84, 2015).

® Everything else computed from above data by general programs.

® Combinatorics for classical types (partitions, symbols, .. .).
® Multiple possibilities for experimenting and testing.

Errors in data bases or programs? — Try and test and find one! ‘
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